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Abstract. A necessary and sufficient condition for a function A(0’,6’,k)P, 0 E S’, k E R+ = 
(0, oa) to be the scattering amplitude corresponding to a local potential q(zl E Qp := 
{P I P = 5 IPI 5 41 + blP}, 0 > 3, is given under the assumption that 11 A II< 2*k-’ for 
all k > 0, where 1) A II is the norm of A : L2(S2) - L2(S2). The condition is algorithmically 
verifiable. 
I. Introduction. 
The first characterization of the class A of scattering amplitudes corresponding to local 
potentials 
q E Qp := {q 1 q = ~9 14 5 ccl+ 14>+‘, P > 3) 
was given in [l]. This characterization can be described as follows. Consider the equation 
u(z,e,k) = I+ ( $A) u(z, -6, -k) 
where A : L2(S”) - L2(S2) is the operator 
Af := J A(@, 8, k)f (e’)de’, 8, e’ E S2 S’ 
(1) 
(2) 
and A(e’, e, k) is the scattering amplitude. Define 
7 := uexp(-iktl . z) := uuol, uo := exp(ik8 a I). 
If u is the scattering solution, that is, if u solves the direct scattering problem 
(3) 
epu - k2u := [-V? + q(z) - k2] u = 0 in R3 (4) 
u=W)+f-l exp(ikr)A(B’, 0, k) + O(T-l), r = 111 -c co, 0’ = zr-’ (5) 
then 77, defined by (3), is analyt.ic in k in C+ := {k : k E C, Imk > 0) provided that & II 
A II< 1, so that e, has no bound states, and k = 0 is not a resonance (half-bound state). 
Moreover 
77-1, as k -L 00, kcC+. (6) 
The limit in (6) is uniform in ~9 E Ss and t E B, := {Z 1 I E R3, 1x1 5 a} where a > 0 is 
an arbitrary number. Define 
A(#, 0, k)ei’(B’-e)‘2 f (e’)de’. (7) 
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1Vrite (1) as 
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n(z, 8, k) = (I + B)V(Z, -8, -k). (8) 
THEOREM 1. Let a function A(P, 0, k) be given. If and only if equation (8) has a solution 
such that: 1) the function u := ~]UO has the property 
(02 + k2)u 
21 
:= q(t) E QP (9) 
and 2) its asymptotics is given by (5) with A,(#, 8, k), the scattering amplitude correspond- 
ing to the potential q(z) defined by formula (9), in place ofA(B’, 0, k), then the given function 
A(#, 8, k) is the scattering amplitude corresponding to the potential (9), that is 
A(#, 6, k) = A,(#, 6, k). (10) 
Moreover there is at most one solution to (8) with the properties 1) and 2). 
This is the result proved in [l]. Let us assume that 
II B II< 1 (11) 
or, which is the same, 
]I A II< 2nk-‘. (12) 
The operator function A(k) on L2(S2) is Htilder continuous in k if q E Qp, p > 3 and t = 0 
is not a resonance. If B(k) is HGlder-continuous and (11) holds it is known [2], p. 58, that 
there exists the unique canonical factorization of the operator I + B: 
I + B = T+(k)T_(k) (13) 
where T+(k) and T_(h) are uniquely defined, analytic in C+ and C- respectively, opera- 
tor functions which are boundedly invertible for all k E c+ and ?? respectively, Hijlder- 
continuous in k for k E (-oo,oo) and 
For brevity we write L + +oo for ]k] * oo, R E Cf and k - -co for ]k] - ~0, IC E C-. 
From (13) and (8) one gets 
Since ‘)(x,0, k) is analytic in C+, Q(r, -8, -k) is analytic in C-, 
n(r,8, k) + 1 and n(z, -8, -k) -L 1 as k + +co, 
one concludes from (15) and Lioville’s theorem that 
Thus 
and 
T+(k)r](l, 8, k) = 1. 
_ 7j(2,8, k) = z-,-‘(ql 
(16) 
(17) 
u(z, 6, k) = exp(ik0: z)rJ’(k)l. (18) 
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It is now clear that condition (9) for the function (18) is necessary for the given function 
A(#, 8, L), satisfying condition (12), to be a scattering amplitude corresponding to q E Qp. 
This condition is also sufficient for A(#, 8, k), satisfying condition (12), to be the scattering 
amplitude corresponding to a potential q E Qp. 
Let us formulate our result. 
THEOREM 2. Let a function A(#, 0, k) be given and condition (12) hold. Then A(0’, 0, k) is 
the scattering amplitude corresponding to a q E Qp if and only if the function (18) satisfies 
condition (9) and has asymptotics (5) with A,(#, f?, P) in place ofA(B’, 0, H), where q is given 
by (9). 
This characterization is, in principle, algorithmically verifiable. Let us formulate the steps 
of the algorithm. Step 1: given A(#, 0, k) satisfying (12) construct T*(k); this can be done, 
for example, by an iterative process [2], p. 50. Step 2: compute 7 by formula (17) and u 
by formula (18). Step 3: compute the expression U-‘(V* + k*)u; if this expression does 
not depend on t and 0 and, therefore, is a function q(z) of z only, then check if q(z) E Q,J. 
If yes, then the given function A(0’, 0, k) is the scattering amplitude corresponding to the 
q E Qp, computed in Step 3. 
REMARK 1: If condition (12) is violated then the canonical factorization (13) may not esist. 
A more general factorization can be used [2], [3] but it is not unique and does not allow one 
to give an algorithmically verifiable characterization of the class of scattering amplitudes. 
REMARK 2: In [4] it is claimed that any function A(e’, 0) with the properties i) A(#, 0) = 
A(-8,-e’), ii) the S -matrix S := I + yA is a unitary operator in L*(S’), 5” is the unit 
sphere in R*, y := (2~)~‘I* exp(i*/4), and iii) 11 7A 11 is sufficiently small, where II A II is the 
norm of the operator in L*(S’), is the scattering amplitude, at a fixed k = 1, corresponding 
to a Schradinger operator 1, := -V’ + q(z), I E R*, with a smooth real-valued decaying 
function q(z). The rate of decay is not specified in [4]. Let us give an example of a function 
A(e’, 0) satisfying conditions i), ii) and iii) for which the basic relation 
+, 8, k) = s+, -8,-k), t = 1, (19) 
is violated, so that no usual scattering theory can be constructed for C,. Let A(#, 0) = y-lc, 
that is 
yA(B’, e) = c, where c = const, c = pexp(i+), p > 0, 0 5 Q c 2~. (20) 
Clearly condition i) is satisfied for any c, condition iii) holds if p is sufficiently small, and 
condition ii) is satisfied if 4 is chosen suitably. Only the last assertion needs an explanation. 
One can easily check that the operator I+yA has a bounded inverse for all sufficiently small 
p (for example, for p < 171-l = (2~)‘/*) and 
(I + yA)-’ = I - &. (21) 
Indeed, if h = (I+yA)f := f+cfi, where fi := s,‘” f(P)M, then f = h-cfI. Integrate over 
[0,27r] to get fi = hl 
( 
- 2xcfi. Thus fi = hl (1 + 27~) -l. Therefore f = h-chl(l+2xc)-’ = 
I - & h. The operator S := 
> 
I + yA will be unitary iff (I + yA)-’ = I + 7A’. This 
and (21) yields -h = TA* , or -A = F, or t2 + 27rpt + 1 = 0, where [ := exp(id), 1+2nc 
4 = argc. Thus, taking p < A-~, one gets: e = -pr f id- = exp(icr*), where 
cosa* = -pn, sinaf = &dm. Therefore, if A(0’,0) := y-‘pexp(icr+), 0 < p < 
H-‘, then conditions i), ii) and iii) hold. 
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However, the fundamental relation (19) cannot hold. Indeed, for yA = c this relation 
takes the form 
/ 
2r 
u(t,d,k)= U(Z,-e,--k)+CU~, u1 := u(c,-e,-k)dfJ, L = 1. (22) 
0 
Integrate (22) in 0 over [O, 2~1 to get 
J 
2* 
u2 = (1 $2?rC)Ui, where 212 := U(l,8,k)dB, k = I. (23) 
0
Change in (22) 0 to -6, take complex conjugate of both sides of (22), use the condition 
u(z,0, -Jz) = u(z, 8,/c), which holds if q( ) E is real-valued, and integrate in 8 over [0,27r] to 
get 
Ul = u2 + 27rzq-. (24) 
iFrom (23) and (24) it follows that 
Re(cu1) = 0. (25) 
On the other hand, using the definition (22) of ur with L = 1, and the formulas 
r,?” exp(ir cos 0)d0 = 27rJc(r), u(z, -8, -h)l_ = exp(ir cos 0) + A(&, -0)~‘/? exp(ir) + 
4r -li2) one gets 
em(ir) + o 1 
Ul = 2x&(r) + y-‘c- 
fi 7 as r-++** ( > 
(26) 
If ]c] > 0 is sufficiently small (25) cannot hold for all sufficiently large P as follows from 
(26). Thus for the constructed A(@, S) = y’lc = const, the fundamental relation (19) is not 
valid and, in this sense, this A(#, 0) cannot be a scattering amplitude for the Schrodinger 
operator with a local potential (contrary to the claim in [4]). Moreover, according to the 
assumption in [4] the kernel R in Theorem 2 in [4] is smooth and therefore Theorem 2 in 
[4] implies that A(B’,8) is discontinuous across 9’ = 8. This is known to be false for all 
q(t) E Qp, P > 2, t E R2. - 
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